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Abstract
We derive an explicit form of the quadratic-in-fermions Dirac action on the M5
brane for an arbitrary on-shell background of 11D supergravity with non-vanishing
fluxes and in presence of a chiral 2-form on M5. This action may be used to gener-
alize the conditions for which the non-perturbative superpotential can be generated
in M/string theory. We also derive the Dirac action with bulk fluxes on the M2
brane.
January 2005
1 Introduction
Our purpose is to derive the quadratic action for fermions on the M5 brane in a background
of 11D supergravity with generic fluxes. Although the action of M5 in supergravity
background [1] as well as the equations of motion for all fields on M5 surface are known
[2, 3, 4], an explicit dependence on 4-form fields of 11D supergravity in the Dirac action
on M5 has not been given yet.
The motivation for this work is two-fold. First of all to find an explicit form of a
Dirac operator in presence of generic fluxes for the fundamental brane objects may have
its own merit, especially if the answer is reasonably simple and allows to understand
implications for the physics of the branes in such backgrounds. For the M2 and Dp
branes such studies have already been undertaken in the literature. For instance, the
coupling of D3 brane fermions to type IIB supergravity fluxes was studied in [5]. And in
[6, 7] Dp brane actions in generic supergravity backgrounds were derived in the quadratic
approximation for fermions (in the Green–Schwarz form without gauge fixing worldvolume
reparametrization and kappa-symmetry) from a corresponding M2 brane action [8] using
T–duality 1. In this paper we present the results for the M5 brane and also for the M2
brane both in the Green–Schwarz and purely worldvolume form. This will allow one to
investigate, in particular, various matrix models in backgrounds which are not necessarily
of an AdS × S-type but more general ones.
Secondly, significant part of the motivation for this work was the recent interest in non-
perturbative corrections to M/string theory. It has been argued by Witten in [13] a while
ago that the SO(2) symmetry, which is a subgroup of the structure group SO(5) may
be the exact symmetry of the M5 brane action, no background fluxes were considered at
that time. This was a basis for establishing a very powerful theorem about the conditions
when non-perturbative superpotentials can be generated in M/string theory.
The analysis is based on algebraic geometry and leads to the statement that the com-
pactification four-fold must admit divisors of arithmetic genus one, χD ≡
∑
(−1)nhn = 1.
This indicates that in type IIB compactifications there can be non-vanishing corrections
to the superpotential coming from Euclidean D3 branes. In the presence of such instan-
tons, there is a correction to the superpotential which at large volume yields a term
Winst = T (zi) exp(2πiρ) where T (zi) is a one-loop determinant, and the leading exponen-
tial dependence comes from the action of a Euclidean D3 brane wrapping a four-cycle in
the compactified manifold. The non-perturbative corrections to the superpotential are
absent, according to [13], when χD 6= 1 (in absence of fluxes).
The presence of such non-perturbative corrections to the superpotential plays a crucial
role in the stabilization of the volume modulus, as was shown in the simplest KKLT model
with one Ka¨hler modulus [14] and in a general class of models with many Ka¨hler moduli
in [15]. In particular, in all models of Denef, Douglas and Florea in [15] the choice
of compactification manifolds was always satisfying the restriction that χD = 1 and a
significant effort was made to find them.
An analysis of some of these issues was performed in [16] where the role of the 4-flux
in the generation of instanton corrections has been discussed. In particular it was shown
that the total flux through the divisor must vanish.
It was suggested by Gorlich, Kachru, Tripathy and Trivedi in [17] and argued for
particular examples of compactification that in the presence of fixed fluxes the U(1)
1Other aspects of Dirac operators on branes have been considered e.g. in [9]-[12].
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symmetry of the fermionic action of the M5 brane might be broken. This in turn leads to
a possibility of generating non-perturbative superpotentials in models with divisors on a
four–fold of an arithmetic genus χD ≥ 1.
There are two possible points of view on U(1) symmetry in presence of fluxes. These
correspond to two well known aspects of symmetries of the background functional in
field theory [18]. One is related to the so-called “quantum gauge transformations” and
the second one is related to the “background gauge transformations” accompanied by the
corresponding transformations of the quantum fields (variables of integration). In our case
when the U(1) symmetry acts as “quantum gauge transformations” only the fermions on
the M5 brane are transformed but background fluxes are kept fixed. In presence of fixed
background fluxes the corresponding U(1) symmetry on the M5 brane may be broken. On
the other hand, the U(1) symmetry acting as the “background gauge transformations”
in our case means that the fluxes, if they are vectors or tensors in the structure group,
transform simultaneously with the action of U(1) on fermions. In this sense the classical
Dirac action on the brane has an unbroken U(1) symmetry in presence of the background
fluxes.
In the setting used in [13] we find it useful to consider fluxes transforming together with
fermions under the U(1)–symmetry so that the classical invariance of the M5 brane action
takes place. This symmetry of the classical theory may be broken by one-loop anomalies.
However, with account of the inflow from the bulk these anomalies are expected to be
canceled [13] since the U(1) is just a part of diffeomorphisms and the theory is expected
to be exactly invariant.
This all development is suggestive that the exact dependence of the Dirac operator
on M5 with fluxes may help to understand the situation in a completely general setting
since with account of bulk fluxes the algebraic properties of the M5 brane Dirac operator
will change. To find the corresponding changes we need to find an explicit contribution
of bulk fluxes to the Dirac operator on the M5 brane. We may proceed in two ways.
1. First we may look for the fermion action in a target space covariant Green-Schwarz
form where the corresponding anti-commuting fields are worldvolume scalars and target
space spinors of Spin(1, 10). For the reader who just wants to see the effect of the flux
Fabcd on M5 and M2 fermions, here is the simplified form (without tensor field couplings
on the M5 brane) of the Dirac equation for the 16-component ‘kappa-projected’ spinor in
the background with fluxes. Note that in the approximation without tensor fields Dirac
equations have the same form for M5 and M2
Γa(∇a + Ta
abcd Fabcd)θ− = 0 . (1)
Here Ta
abcd stands for a product of γ-matrices (the detailed notation is introduced below).
2. We may look for the action for the world-surface fermions transforming in Spin(1.5)×
Spin(5). This form is more useful for the future studies of the instanton effects from
the Euclidean M5 brane wrapped on a six–cycle of a Calabi–Yau 4–fold [13]. We will
need eventually to perform an analytic continuation to Euclidean space with spinors in
Spin(6)× Spin(5). Here again is the simplified form of the Dirac equation for the chiral
spinor on the M5 brane[
γ˜a∇a +
1
24
(
γijk γ˜a Faijk − γ
i γ˜abc Fabci
)
θ
]α
q
= 0 , (2)
see notation and details in the paper. An analogous equation is also given for the M2
brane below.
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The derivation of the explicit form of the quadratic–in–fermions Dirac action on the
M5 brane for an arbitrary on-shell background of 11D supergravity with non-vanishing
fluxes and tensor fields on the M5 brane and on the M2 brane and of the corresponding
equations of motion is explained below.
Since we are looking for a quadratic part of the action in a non-trivial background we
may simply look at fermionic equations of motion which in a general form can be obtained
either using superembedding techniques [2] or directly from the M5–brane action [1, 3].
We will follow notation of the review paper [4].
In Sec. 2 we derive the Green-Schwarz type fermionic equations of the M5 brane in a
flux background for space-time spinors being world-volume scalars. In Sec. 3 we derive
Dirac equations for the world-volume spinors in a flux background. In both cases κ-
symmetry is effectively gauge-fixed, so that the relevant fermion is 16-component. In Sec.
4 we present the Dirac action on M5 in a flux background with examples of how U(1)
symmetry acts on the fluxes. Dirac equations and the corresponding Lagrangian with
bulk fluxes on the M2 brane are given in Sec. 5. In conclusion some final comments are
made. Appendix contains some useful technical details on gamma-matrices and Lorentz
spinor harmonics.
2 Green-Schwarz type fermionic equations of the M5
brane
We start with the M5 brane fermionic equation in the Green–Schwarz form
1
2
mbaE
β
a
[
E
a
bΓa(1− Γ¯)
]
βα
= 0 . (3)
In eq. (3)
E
β
a = ema (ξ) ∂mZ
M(ξ)E
β
M(Z) , E
a
a = e
m
a (ξ) ∂mZ
M(ξ)E
a
M(Z) (4)
are the pullbacks on the M5 brane worldvolume, parametrized by the coordinates ξm
(m = 0, 1, · · · , 5), of the D = 11 supergravity supervielbeins
EA(Z) = dZM E
A
M = (E
α , Ea), (5)
where ZM = (xm, θµ) (m = 0, 1, · · · , 10; µ = 1, · · · , 32) are local coordinates of curved
D = 11 superspace 2.
ema (ξ) is the inverse vielbein on the M5 brane worldvolume associated with the induced
worldvolume metric gmn = ∂m Z
M E
a
M ∂n Z
N E
b
N ηab. As so, E
a
a satisfy the orthogonality
condition
E aa E
b
b ηab = ηab , (6)
where ηab and ηab are respectively D = 11 and d = 6 Minkowski metric.
2In our notation the underlined indices correspond to D = 11 target superspace and not underlined
ones correspond to the M5 brane worldvolume. The indices from the beginning of the Latin and Greek
alphabet are vector and spinor tangent (super)space indices, while the indices from the middle of the
Latin and Greek alphabet are that of local curved coordinates.
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Finally, the matrix mab = mba = ηab − 2 hacdh
bcd describes the interaction of the
fermionic (and bosonic) worldvolume fields with the self–dual world–volume tensor habc =
1
3!
ǫabcdef h
def . The tensor habc is related via the nonlinear equation
4(m−1) da hdbc = Habc (7)
to the field strength H(3) = 1
3!
ec eb eaHabc = d b
(2)(ξ) − A(3) of the M5 brane chiral 2–
form gauge field b(2)(ξ) extended with the pull back of the 3–form gauge potential A(3) of
D = 11 supergravity whose field strength
F (4) = dA(3) =
i
2
EaEbE¯ΓbaE +
1
4!
Ea4 · · · Ea1Fa
1
···a
4
(8)
generates the background fluxes. Γ
a
αβ are D = 11 gamma–matrices in the Majorana
representation and Γ¯ is their antisymmetrized product
Γ¯ =
1
6!
ǫa1···a6Γa1··· a6 +
1
3
habcΓabc, Γa = E
a
aΓa, (9)
such that Γ¯2 = 1.
Equation (3) is invariant under the κ–symmetry transformations
δκ Z
M E
α
M =
1
2
(1 + Γ¯)
α
β κ
β , δκZ
ME
a
M = 0 . (10)
Kappa–symmetry allows one to eliminate half of the M5 brane fermionic degrees of free-
dom. To see this one may notice that the right hand side of (3) is annihilated by the
κ–symmetry projector 1
2
(1 + Γ¯)
α
β.
To extract the explicit dependence on fluxes in the Dirac equation on the M5 brane
in the linear approximation for the fermions we have to evaluate the ingredients in this
equation in the corresponding approximation. We look at
E
β
m = ∂mZ
ME
β
M = ∂mZ
µE
β
µ + ∂mZ
mE
β
m . (11)
We now define
θβ ≡ ZµE
β
µ (12)
and rewrite eq. (11) in the following form
E
β
m = ∂mθ
β − Zµ∂mE
β
µ + ∂mZ
mE
β
m (13)
The first term is already at the linear level in θ and provides the free Dirac equation in
the flat D = 11 background. Without coupling to the bosonic fields and to the tensor
field on the brane we would find, for mba = δba, emb = δ
m
b and E
a
n = δ
a
n,
E
β
a [Γa(1− Γ¯)]βα = ∂aθ
β [Γa(1− Γ¯)]βα = 0, (14)
If we introduce the chiral spinor θ− =
1
2
(1 − Γ¯)θ, which is manifestly invariant under
κ–symmetry transformations (10), we find a simple Dirac equation
Γa∂aθ− = 0 (15)
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This equation in turn easily transfers into a free Dirac equation for a chiral spinor on the
M5 brane. However, here we would like to take care of corrections due to background
geometry and in particular bulk fluxes. We therefore should evaluate the remaining terms
in eq. (13).
In the Wess–Zumino gauge the term ∂mE
β
µ , that has to be evaluated at the zero or-
der in θ since it is multiplied by θµ, vanishes. The third term in eq. (13) provides us
with the information we are looking for. The vector–spinor vielbein E
β
m in (11|32) super-
space starts with gravitino ψ
β
m(x), which we shall not take into account below restricting
ourselves to pure bosonic D = 11 supergravity backgrounds. The term linear in θ was
calculated long time ago in [19]: this term is proportional to the rhs of the gravitino
supersymmetry transformation excluding the term with the space–time derivative acting
on the supersymmetry parameter3. In notation of [4]
E
β
m = ψ
β
m + (Ω
β
mα + T
β
mα)θα + ... (16)
where the term linear in θ includes a Spin(1, 10) connection
Ω
β
mα = (
1
4
Ωabm Γab)
β
α (17)
and the flux–dependent superspace torsion term
T
β
mα = (T abcdm Fabcd)
β
α . (18)
Here
T abcde ≡
1
288
(Γabcde − 8ηa[bΓcde]) . (19)
Thus we get
mba emb e
n
a
(
∂m θ
β + (Ω
β
mα + T
β
mα) θα
) [
Ean Γa (1− Γ¯)
]
βγ
= 0, (20)
In the absence of 11D fluxes Fabcd and of the M5 brane chiral gauge field, and in
the approximation in which the fermionic equation is linear in θ, it is simply the Dirac
equation with a metric compatible spin connection and an SO(5) gauge group connection
encoded in the covariant derivative ∇a
Γa∇aθ− = 0 . (21)
When fluxes are present we find that
mab Γb (∇a + Ta
abcd Fabcd)θ− = 0 . (22)
Equation (22) is of a Green–Schwarz type in the sense that the fermionic field and the
fluxes carry the target superspace vector and spinor indices. To reduce it to an equation
which describes the dynamics of the M5 brane fermionic modes in the effective 6d world-
volume field theory one can, for example, impose on the worldvolume scalars the physical
3The θ2 term was given in [10], the θ3 term was derived in [8] and the expression for E
β
m up to the
5th order in θ was calculated in [20] using a compact expression for the Wess–Zumino gauge, analogous
to the one proposed for D = 4 supergravity in [21].
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(static) gauge, which fixes worldvolume reparametrization invariance, and eliminate half
of the fermionic modes by gauge fixing κ–symmetry. Such a gauge fixing breaks D = 11
local Spin(1, 10) symmetry down to its subgroup Spin(1, 5)× Spin(5), where Spin(1, 5)
is the 6d worldvolume ’Lorentz’ symmetry and Spin(5) ∼ USp(4) ∼ SO(5) is the in-
ternal R–symmetry of the effective chiral (2,0) d = 6 supersymmetric worldvolume field
theory. This method was used in [9] where the free action for the tensor multiplets on the
worldvolume of M5 brane was derived.
Alternatively, one can get the same worldvolume fermion equation in a simpler way,
without breaking D = 11 Lorentz invariance, by singling out the irreducible κ–invariant
part of θα using the method of Lorentz harmonics which is part of the superembedding
approach (see [24, 4]) for a review and references). In the next section we shall use the
latter method to derive the purely worldvolume fermionic equation with fluxes.
3 Dirac equation on M5 surface
Here we start with another form of the fermionic equation
γ˜
αβ
b m
baE
β
a vβ,βq = 0 , (23)
which is related to eq. (3) by a certain transformation [2, 4].
In eq. (23) γ˜αβb and γ
a
αβ are antisymmetric d = 6 Spin(1, 5) γ–matrices having the
properties described in eqs. (41)–(42) of the Appendix, and vβ,βq(ξ) are half of the com-
ponents of the Spin(1, 10) matrix (called Lorentz spinor harmonics)
v
β
α = (v αpα , vα,βq) , C
αγ v
β
α v
δ
γ = C
βδ =
(
0 δαβ δ
p
q
−δδγδ
r
s 0
)
. (24)
In (24) the Spin(1, 10) index β is split into the two pairs αp and βq of indices of Spin(1, 5)×
Spin(5) which is the symmetry of the M5 brane worldvolume theory. The corresponding
realization of the D = 11 Γ–matrices is given in the Appendix, eqs. (38)–(40). Note that
the upper and lower Spin(1, 5) indices α and β correspond to inequivalent chiral spinor
representations of Spin(1, 5), and there is no a 6d charge conjugation matrix which would
raise and lower these indices.
The Lorentz harmonics (24) are auxiliary worldvolume fields. They are related to the
pullback EAa (Z(ξ)) of the D = 11 supervielbein (5) by the equations (44)–(45) of the
Appendix. In particular,
E αa v
αp
α = 0 . (25)
We can use the spinor harmonics (24) to convert the target space spinor field (12) into
a pair of chiral and anti–chiral worldvolume spinors
θβvββq ≡ θβq , θ
βv
αp
β ≡ θ
αp . (26)
Because of κ–invariance (which is reflected in the orthogonality condition (25)) the anti–
chiral spinor field θαp does not appear in the fermionic equation (23). In other words, one
can use local κ–symmetry transformations to put θαp to zero.
Then (23) takes the form similar to (22) but with d = 6 worldvolume matrix γ˜b instead
of pulled back D = 11 matrix Γb
[γ˜bm
ba (∇a + Ta
abcdFabcd)θ]
α
q = 0 . (27)
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Here the covariant derivative is the derivative with account of metric compatible spin
connection for Spin(1, 5)× Spin(5) structure group (see [4] for details).
Using the relations (38)–(45) of the Appendix we can rewrite (27) in a purely world-
volume form
γ˜
αβ
b m
ba∇a θβq+
1
24
[(
γijk γ˜b (2δab −m
a
b )Faijk + γ
i γ˜bcd (2δab − 3m
a
b )Facdi
)
θ
]α
q
= 0 , (28)
where the indices i, j, k = 1, 2, 3, 4, 5 correspond to the target space directions transversal
to the M5 brane.
If we ignore the 3-form h contribution, we find that in our approximation eq. (28)
reduces to
γ˜aαβ∇a θβq +
1
24
[(
γijk γ˜a Faijk − γ
i γ˜abc Fabci
)
θ
]α
q
= 0 . (29)
4 Dirac action and examples of flux transforming
under U(1) symmetry
The fermion Lagrangian which produces the equations (28) is
LM5f =
1
2
θ
[
γ˜bm
ba∇a +
1
24
(
γijk γ˜d (2δad −m
a
d )Faijk + γ
i γ˜bcd (2δad − 3m
a
d )Fabci
)]
θ .
(30)
Let us note that via mab, which contains the self–dual field habc defined in (7), the M5
brane fermions couple directly, though non–minimally, to the pull back of the 3–form flux
potential Aabc. In the presence of the worldvolume flux habc both the self–dual and anti–
self–dual worldvolume parts of the flux Fabci appear in the fermion Lagrangian, while if we
neglect the contribution of habc (so that m
a
b = δ
a
b ), the flux Fabci should be anti–self–dual
on the M5 worldvolume, since γ˜abc is self–dual (see eq. (43) of the Appendix).
The action in presence of fluxes is invariant under the SO(5) structure group trans-
formations with the flux Faijk transforming as a 3d rank antisymmetric tensor and the
Fabci transforming as an SO(5) vector.
We may split the SO(5) index into those of SO(3) and SO(2), namely i = µ, ν, λ, I, J .
This corresponds to splitting 5 directions normal to the brane into R3 for the 3 directions
i = µ, ν, λ and the remaining two directions i = I, J will correspond to SO(2) ∼ U(1).
We will be interested in the situation that Faijk has only Faµνλ components and Fabci has
only FabcI components. This would correspond to the 4-fold compactification of M-theory
with 8 coordinates a = 1, ..., 6, I = 1, 2 to a 3-dimensional space with 3 coordinates µ, ν, λ.
The action is invariant under SO(3)×SO(2) symmetry with the flux FabcI transforming
as a vector under SO(2) symmetry.
Now we will look at an example which is more specific in the context of M theory,
orientifolds and G-flux vacua [22], [17]. In M-theory one starts with X = K31 × K32
four-fold in the presence of the flux F4. In type IIB this is an orientifold K3 ×
T 2
Z2
. This
K3 isK31 in M-theory. The second K3 which is called K32 is elliptically fibered. Thus we
have an M-theory on a Calabi-Yau four-fold R3×X . We will take an Euclidean signature
both in the target as well as on M5. In this case the complex divisor D on which the
five-brane is wrapped is a six-dimensional cycle in X . The 4-flux related to a 3-form flux
in type IIB theory G3 = F3−φH3 (where F3 and H3 are respectively RR and NS 3-forms
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and φ is a complex axion–dilaton of IIB theory) can be chosen as follows
F4 = −
1
φ− φ¯
G3 ∧ dz¯2 +
1
φ− φ¯
G¯3 ∧ dz2 , (31)
where dz2 and dz¯2 are holomorphic and anti-holomorphic differentials along the elliptically
fibered torus in K32.
The examples of supersymmetric background fluxes studied in [22] and [17] require
that F4 has two legs along K31 and two legs along K32. This means that H3 and F3 have
2 legs in K31 and one leg in K32, in direction with coordinates z1, z¯1. In our split of the
11-dimensional Euclidean space into 6+5, the six coordinates of the M5 have to be in D.
The 5 directions normal to the brane include R3 for the 3 directions. The remaining 2
directions, normal to D are related to the SO(2) ∼ U(1) symmetry, which is a rotation
in z1, z¯1 plane. One of the examples studied in [22] and [17] is
F4 = CΩ ∧ dz¯1 ∧ dz¯2 + C¯Ω¯ ∧ dz1 ∧ dz2 , (32)
where C is a complex constant and where Ω (Ω¯) is a holomorphic (anti-holomorphic)
two-form on K31. The flux has an Fz1 as well as an Fz¯1 component which under the U(1)
transformation with a parameter ϕ acquire the phase eiϕFz1 and e
−iϕFz¯1 , respectively.
If we would consider the fixed vacuum expectation value of the flux we would see that
it violates the U(1) symmetry. However, in the context in which the background flux
transforms under U(1) we have the following situation. The flux transforms under U(1)
if C transforms as e−iϕC and C¯ as eiϕC¯. This leaves us with the Dirac action on M5 in
presence of the background fluxes which is invariant under U(1).
5 The Dirac equation and action on the M2 brane in
the presence of D = 11 fluxes
For completeness, here we present the Green–Schwarz and purely worldvolume form of
the Dirac operator on an M2 brane coupled to a D = 11 supergravity gauge field flux
Fabcd. Its derivation can be carried out in the same way as for the M5 brane. In the
Green–Schwarz form the M2 brane fermionic equation [23] is
ηabE
β
a
[
E
a
bΓa (1− Γ¯)
]
βα
= 0 , (33)
where Γ¯ = 1
3!
ǫabc Γabc, Γ¯
2 = 1, Γa = E
β
a Γa and a = 0, 1, 2 are the worldvolume tangent
space indices.
Using eqs. (16)–(19) we find that in the linear approximation in θ eq. (33) reduces to
Γa (∇a + Ta
abcd Fabcd) θ− = 0 , (34)
where θ− =
1
2
(1 − Γ¯)θ, being ‘kappa–projected’, has 16 independent components. This
form of equation can also be extracted from the more general answer in [10] or from the
M2 brane quadratic action of [6, 7].
To get the purely worldvolume form of the M2 brane Dirac operator with fluxes, one
starts from the M2 brane fermionic equation in the superembedding formulation [24, 4]
γaαβ E
β
a vβ, βq′ = 0 , (35)
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where now γaαβ = γ
a
βα are d = 3 M2 worldvolume symmetric gamma–matrices whose
spinor indices α, β = 1, 2 are raised and lowered by the antisymmetric unit matrices
ǫαβ = ǫαβ , q
′ = 1, · · · , 8 is the index of a spinor representation of the SO(8) group of
transformations of d = 8 target space directions transversal to the M2 brane and vβ,βq′
are half of the components of the Spin(1, 10) spinor Lorentz harmonics. Then, using eqs.
(16)–(19) and expressions of Section 5.1 of [4], one can reduce eq. (35) to a form analogous
to that for the M5 brane
γaαβ ∇a θβq′ +
1
96
[(
γijkl Fijkl − 6 ǫ
abc γc γ
ij Fabij
)
θ
]α
q′
= 0 . (36)
The corresponding M2 brane worldvolume Lagrangian is
LM2f =
1
2
θ
[
γa∇a +
1
96
(
γijkl Fijkl − 6 ǫ
abc γc γ
ij Fabij
)]
θ . (37)
In eqs. (36) and (37) γijklq′p′ = γ
ijkl
p′q′ and γ
ij
q′p′ = −γ
ij
p′q′ are antisymmetric products of SO(8)
gamma matrices γ˜iq′p and γ
i
pr′ with the indices i, j, k, l = 1, · · · , 8 labeling the vector
representation of SO(8) and the index p = 1, · · · , 8 corresponding to the second spinor
representation of SO(8) different from that labeled by q′ (see e.g. [24, 4] for details).
Note that there is no difference between upper and lower SO(8) indices since they all are
raised and lowered by the unit symmetric matrices δij, δpq and δp
′q′ . The gamma matrices
γipr′ = γ˜
i
r′p, such that γ
i
pr′ γ˜
j
r′q + γ
j
pr′ γ˜
i
r′q = δ
ijδpq, imply well known triality of the three
inequivalent 8–dimensional fundamental representations of SO(8).
It is interesting to note that in the presence of fluxes there is a kind of anomalous
magnetic moment coupling of the worldvolume fermions to the field strengths of the
fluxes. In the most straightforward way this anomalous magnetic moment coupling is
seen in the Dirac equation for the M2 brane (36). In the last term of this equation Fabij
can be regarded as a 2–form field strength on the 3d worldvolume with i, j being the
indices of an internal local symmetry group. When i, j = 1, 2 take only the values of
SO(2), we see that this is nothing but the anomalous magnetic moment coupling of 3d
fermions to an electromagnetic field strength in a 3d field theory. A similar interpretation
may also be given to flux terms in the Dirac operator on the M5 brane. For instance,
the first flux term in (30) can be rewritten as γijk γ˜a(2δda −m
d
a )Fdijk = γ˜
a F ija γij (where
F ija =
1
3!
εij i1j1k1 (2δad − m
a
d )Fd i1j1k1 and γij =
1
3!
εij i1j1k1 γ
i1j1k1). One can notice that
the ‘anomalous magnetic moment’ term F ija γij has the form similar to that of the SO(5)
connection Ωija γij which enters the covariant derivative of the M5 brane Dirac operator
(30).
6 Conclusion
Thus we have derived here the explicit dependence on fluxes in the fermionic action on
the M5 brane in a generic background. We have shown that there are two types of fluxes
which enter the Dirac action. One of them transforms as an antisymmetric rank 3 tensor
and another one as a vector of the R–symmetry group SO(5) of the M5-brane, and in
particular of its SO(2) subgroup. This poses a question: what happens in general with the
condition χD = 1 derived in [13] and studied more recently in [16] and [17]. In examples
of compactification shown in [17] the answer was that χD ≥ 1 might provide the non-
vanishing superpotential. It is not yet known how to generalize Witten’s analysis for the
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Dirac operator in eq. (28). This equation is a generalization of a simple Dirac equation
used in [13] under the condition that there is no background flux, F4 = 0 and there is
no chiral 2-form on M5, b2 = 0. When the background fluxes and world-volume 2-forms
are present, in general, the analysis of the instanton corrections has to be redone. The
immediate reason for this is the fact that background fluxes are necessarily required for
stabilization of the dilaton-axion and complex structure moduli [25].
The importance of this topic has to do with the fact that the only known way at present
in which string theory and higher-dimensional supergravities may, possibly, address the
current cosmological observations, require stabilization of moduli. The most difficult
part, stabilization of Ka¨hler moduli, is based on non-perturbative instanton corrections
to the superpotential discussed here. Clarification of the restrictions on compactification
manifolds which might provide such non-perturbative superpotentials might lead to a
significant progress in string cosmology.
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Appendix
In our notation the underlined indices correspond to D = 11 target superspace and
not underlined ones correspond to the M5 brane worldvolume. The indices from the
beginning of the Latin and Greek alphabet are vector and spinor tangent (super)space
indices, while the indices from the middle of the Latin and Greek alphabet are that of
local curved coordinates. The letters i, j, k and p, q, r, s stand, respectively for vector and
spinor Spin(5) indices.
We use the form of the D = 11 Γ–matrices and of the charge conjugation matrices
Cαβ = C
αβ which reflects the embedding of the M5 brane 6d worldvolume into N = 1,
D = 11 superspace
Γaαβ =
(
γaαβCpq 0
0 γ˜aαβCpq
)
, a = 0, 1, ..., 5, α, β = 1, 2, 3, 4, (38)
Γiαβ =
(
0 δαβ (γ
i) pq
−δβα(γ
i)qp 0
)
, i = 1, ..., 5 , q, p = 1, 2, 3, 4 , (39)
Cαβ = C
αβ =
(
0 δαβ δ
p
q
−δβαδ
q
p 0
)
. (40)
In (39) (γi)qp = C
qs(γi) rs Crp are USp(4) ∼ SO(5) gamma–matrices and C
qs = Cqs are
charge conjugation matrices. The matrices (γi)qp = (γ
i) rq Crp and C
qs are antisymmetric.
γ˜
αβ
b and γ
a
αβ are antisymmetric d = 6 Spin(1, 5) γ–matrices having the following
properties
γaαγ γ˜
bγβ + γbαγ γ˜
aγβ = 2δβαη
ab, tr(γaγ˜b) = 4ηab, γaαβγ
a
γδ = −2ǫαβγδ , (41)
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γabcαβ = γ
abc
βα ≡ (γ
[a γ˜b γc])αβ = −
1
6
ǫabcdef (γdef)αβ , (42)
γ˜abc αβ = γ˜abc βα ≡ (γ˜[a γb γ˜c])αβ =
1
6
ǫabcdef γ˜
αβ
def , (43)
The Lorentz spinor harmonics (24)
v
β
α = (v αpα , vα,βq) , C
αγ v
β
α v
δ
γ = C
βδ , vαγ = C
αα′ vα′
γ′ Cγ′γ
are auxiliary worldvolume fields. They are related to the pullback EAa (Z(ξ)) of the D = 11
supervielbein (5) by the following equations
E αa v
αp
α = 0 , Γ
a
γδ E
a
a + Γ
i
γδ u
a
i ≡ Γ
b
γδ u
a
b = v
α
γ Γ
a
αβ v
β
δ , (44)
where u
a
i (ξ) are a set of five D = 11 Lorentz vectors with indices (i = 1, · · · , 5) belonging
to the vector representation of Spin(5). u
a
i (ξ) are defined to be orthogonal to E
a
a , i.e.
E aa u
b
i ηab = 0 ,
and complement the latter to an SO(1, 10) matrix (also called Lorentz vector harmonics)
u
a
b = (E
a
a , u
a
i ), u
a
b u
c
d ηac = ηbd , u
a
b u
c
d η
bd = ηac . (45)
Using the relations (38)–(45) one can show that the fermionic equations (3) and (23) are
equivalent [2, 4], with the projector matrix 1
2
(1−Γ¯) (9) having the following form in terms
of the Lorentz spinor harmonics (24) and the self–dual tensor field habc
1
2
(1− Γ¯)αβ = v
βp
α (vβ, βp + Cpq habc γ
abc
βγ v
γq
β ) . (46)
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